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MEORY OF NUCLEAR REACTIONS INWLVING POLARIZED DEUTERONS

By W. Lakin and L. Wwolfenstein

Technicsl Report

INTHODJUCTION:

Tiie spla state of a particle (or nucieus) taking part in a nuclear reaction
generally most be described as a statistical mixture of the pure epin states in
which ne particle may be found, If the description consists of weighting equally
a’ll meapers of any basis set of mutually ¢ - 'thogonal spin functions, the aixture is
spatially isotropic and describes unpolarized particles. Any differynt distribution
will cescribe anisotropic states, and refer to polarized particles.(l) states which
may Le described by a single wave function rather than a more complicated statistical
mixture will be called completely polarired. Lxcept in the case of & particle of spin
¢{ the definition of the amount of polarization is ambiguous.

In Sec. 1 we consider ways of dsscribing the polarisatioso of particles of spin
one, cuch as the deuterva. In 8ec. II we dstermine the restrictions which the usual
invariance requirements place upon the spin depsrdence of transition amplitudes. Thes

c2ctions are purely foiail and are not deperxient on any theory of nuclear interacticns,

In Jec. I%I we study the polarization of tbe deuterons produced in the p + p ~9n’s ¢
resction.{2) x5 yetasled assumptions concarning the reaction are made, but limitations
are pit on the orbital angular momenta’ which should be valid Lif the energy is not too
high. The use of elastic d-p s?”tcrln; has been suggested as a poasible aeans of
detection of this polariza€ion,'“’ and this possibility is explored in Sec. IV. The
results of such experiments depsnd upon the nature of the high energy scattering as
well as the polarisation of the deuterons. Although high energy nuclear scattering

{s not understood well, positive results in such experiments would provide qualit-
ative evidence for the existence of polarization.

. POLARIZATION STATES oF THek OEUTEMWN

The von Neumann density ntz’}x $ in spin space is often a convenient starting
point in discussing polarization.'”/ It may be expressed as a linear combination of

(v
" "The term polarization here includes both polarization and uj.l_&%_)g_?_. in the sense
of bleaney: B, Bleaney, Froes. Phys. Soc. lLondon’ ABL, 315 (1951); A. Simom, M,

E. hose, and J, M. Jauch, Phys. Rev. 84, 1155 (1951). Polarizstion and alignaent
are special cases of the vector and tensor Lypes of polarization roformr,

2
( )wat.non and Richw-n, Phys. "ev. 83, 1256 (1951). These authors discuss only that

part of the polarization which may be specified by the expectation valus of the spin.

(3 eLzonstetn and Ashkin, rhys. Rev. 85, 947 {1952) R.H. Dalitz,Proc.Phys.Soc.lLond.

A65. 175 (1952). Our methods and notation gonerally follows that of the former paper.
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independent bamaition matrloes, wiose nuabor sjuls the egquare of the dimensioc-
elity of the spin opacs, amd whode éxpectation values diﬁfﬂ.‘lmng antd with 43
the state of the arstod. Ooe of thawo mbtrices xay bé the identity matrix, the
wpsstation value of + lch epedifie~ tie cormalisation; that is, the traes of '.
The reemining expectatica valuss detomine the polarization of the system.

we shall dhoose operaters which form coxponsuts of irredocible t&nam“‘)
Tha oparetor whick tramsforss

of renk kero (tha identity satris), one, amd two.
under rotatiors ke the spharical harscule Yo Lo dencted by Ty This set is
clsarly eqivelent 2 a vt of {rdepecdent lurmdvian operstors, asanly that sst
forasd by the bereitisn t&i antihsrdtian parts of these opsraturs, The orthogen
elity and sommalisation conddtioas are

To Tom Teoae = 3 Srayrme (1:2)

8 verma of coapooants of tha dertsren spin cperetor §, the T are
Ty = fﬁ (%= 13;/\

Tl,@ - V’?

, 8

Tayen = 7 V3 (Sx L §y0 -
IR PR ARTC IR S

;
Ti,@ ﬁb/f{ (353‘:'&)

. t
T-faﬂ = (ﬁ l> Tf,eﬁ‘!

e e e i St

The satrix slssents of T are deteralned coaplataly by (1.1) and their tensor

ial proparties
]
Il ] "M
J
('] Typy |) = /3 Cua‘ (1.3)
wirsre by Jz’ TP Ls tw uwsual Clebssh-vorden coafficient for comb indng angular
awmantat 4

‘2 lee, for exazple, o, macah, vhys., Sev. 62, 0633 (1942

-y
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P = " <!3f’1> Tom (1-h)

wnaTe Jngular oreckete danote statistical expsctation values.
ef p sre tedtrictad by tha thres indepmdent Schwars insqualdties.

Toe elecarits

lﬁﬁgl,ﬁ, )h S Powst st Fﬂﬂﬁﬁ (1.%)

But for our porpsase these are not very useful. xmmmmy (not

{rdapedaat of (1.5)) is tha cbvious oue » e
TPt s |
' <o)t § A -
r e T (1,6)

/
v Z medsy that J = ¢ (bthe identity) is to be omit¥ed. Thiwr insgality

is optimal in that the eguality holds only in case of caplete polarivation,
end tom left hond side squals saro only for ths unpolirised state, Trensfore,

or kight defins o peroentags polarikation by
Pa g j<wlt 2.7)

" The copponents <~ §  la general defire & paeudavector whiose directicr
&y bo used as the axis of quaatipsticn, so thea <Tl, . L> vanigh. In See. 1I

~s which 237 be produced in the siapls reactions

ve e8rall srow that in all st oo

of interest to ua, the <T2, . J.> vaniah £o0, we nov restrict our coysider

ation to Wnle ciasa of phatss anl ptudy oethods cf desoribing thair state of

"’ ;
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rolarisatisn. Sinoe rotsting She frems of Ceference abcet ths axis of Quantisatiem
aliers 'he phase of t.hs(ftz’:;\, w may 50 choces the coordinate aTiem thet
thess quantities are real zo Losrefure squal (fra (1.2)),

To etudy timiao stetes gecmetrically, we cansider thes cartaslian compeniants
of tha tensor opearmtars, &8 given by (1.2). The expesiation values of the componmite
of the secord renk terszor operetar fora the componants ¢f & symmatrical estord rank
tersor, which in tuFn definsd & set of prineipsl axms. smu<rg’: £ and <’1,3 1;>
ranisth, ve se0 e B-axdie 1w the direction of the spia and also & prindliral oxds of
thse swoond rank tensor. Ceawstrically the alass of statss wa e stydying v crraster
Lied by the fact that tis dirseticn of the spla is & pMasipal axis of the tensor,
wa nslede dn thds cliss Wb of Um singuler cases i which i is not sacsasry vet
it i.n pﬁlliblﬁ to b,mﬁ t;hi i'pfia direction purallel % a prinsipal axis, Theas are
t~ht E‘iﬁﬁiﬂ wﬁicﬁ tba tﬁwuum valua of the apln warialies, and the casss in

Ty e

which tha r.tﬁs&ivi&ms of the tansor are not determiped uaiqualy. The clace of

stites aov Laclodes unpolarized partleles.
The slais of states in question ineludes all completely polarised itates,

To sse tiils, we axamine the vave function.
{ - % v 5’i§ + #’l (1.8)

Here Xm“ an eigenvector of 3, nelorging to the cignnlua 2. 3iiz3 w% lave an

aroltrary phase factor, ws acauss g is real, Tne a.m.rieﬂ\ \a.m./

i? /o0 0\
Ty oy * 100
L1t VR0
/ (1.9)
000
T @ 1(03
Bl 10
tnarefors 51 ¢ +f i e (o oY) 0 (1.10)

1, : ‘ ‘
gince «;,.-l vaniares because Lhe w~axis nac ueén c.osen to be along Lie
1

qirecticn of we 2pin. sitner o van.anes amd witn it’é‘ ,;> or (1]
<7 ’
/

&

)

T
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waals }vl and then <S,) vaalehes .
Aaotm P methed of apseifplrg the polarisatlion state of & systea \s to tell
which pure spin statea are cootalsed in the statisticsl mixture snd the relative

ancunts of each state. ws mey start oy noting tnat P is hsrmditian and may be
Tnerefors the statistical mixture

diagonalized By & wnitary transfomation,
cansists of the thres crtnogomal states whiah form the br.le of this Pepressat-

ation, and Uw corrssponding eigenvalues of tho density mtils 4 the Mlatiwe
amounts of thess etates. wWith the previcus cholca for tik & ~axle, <Tl a)

wid <T2,‘,) vinlsh, 86 het ',0 st fave Uiz fore (using Z4.{1.9;h

= & = (aeb) 0 ~
P —e o b / (L.11)

B davume tamoAarily tiat & 3 B, ¢ g O) thess assapticns depardd on eholse
of cocrdinater anly and iaply bo loas of gensrality, (Ths use of & non~real

e e e e . ok = e e 1t < e |

quartdity In place of ¢ aluo ssans & changs of coordinates ).
mmlxuaglb , W 6Btain the lgenvalues Ay and Uwir eigenvectors (b .

2)E [ = (@4")

N L[ (are) mézj (1.12)

AL =
As 3 é [(l#b) - V(&"’ﬁ)""‘fé"‘_]
4"/ v X [~
= '/'L.F’._,.__— - . -
Y (ﬂ:."';%!/ rAa=b A, ~ S VY- ¥ _/
-5 . (1.13)
4/3 = (33*3;) LVrin=te Aw T iAL~b A~ _7

Wr
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For degencrate elgenvaiues, of courwe, the eigenfumstiicns are mot wiqre.
In the apacial case ihat the expsctaticn vilus of tho apis vaniochss, we sae from

(1.11) that ¢ = b | ‘Ehawknvefor!z a.m;l!.3

2 C}.’Z (%4 - AXer)
¥y * y'-'é:' (]‘ﬂ "“Xw)

* iy) and x 5 teansforms like (z + iy), ¥y am

(1.1%)

Sinve x ) trensforws like -(x
73 transfora ke (-x) amd (~1y), rospectively, wich seans they reapressat states
1ike xo » DUt orlented aleng the x- apd y- axss, respestively.

Thus cur mstrictad set of polarizatioh states mAy be wasidersd as @

statistical aixture of a4 resteictad st of pure atites., In genaral we Bave one

atate 7’. sriented aleng tiw dirsetion of tha total spla ( 2 ~axds), amd a padr

of states which arv Liseer coubinatioas of the states ¥,,, Tha averegs spise of

ths ssubsra of tide mdr are squal in wegnitude, bul opposite in dirvetica. Toey
&7 anklogoul to two elliptically polariisd states of light with oppeaite vanses of
rotaticn and croased mejor axss, Tos limiting cases are tha otate which is &

ELXLUre Of ths three ariscted states X, Koy mﬂx,l; “r e stata of =0 ¥pin.

In w03 latler case, the pore states &l‘iﬂn atates orimbed along thres mutaslly

percandicular arss, the principal axss of the sescand rank tensor,
For a given et of primeipol sxes, all states of this catagory are spacifled

\ 1
by the thrze real muzbers, (r.., 7,0 fm T, (5 Usirg (1.2) wo @
¥ \ 20 ’ ) L . sing (1.2) (114

that if LDe slate i alaply the cure state 7y, <?20/ « -,"5'; and Lf Lt is wny

statistloal mixture of the purs etatws ¥, arm v, <T O.:) =+ b V S Since

trhe general state of tnis category contalns all taree of theas pure states
5 } ’

<T‘.O> varies fn:iey"z ta o« H“S.‘. ibe other two operators must satiefy (1.6)

‘ ’ X .
for aly ~u7EN \'f,‘@‘} but w» cay replace (1.0) by a more strisgent fnequality nerc.

e e, —

e ——

(5, L -
"8 wanlowne nerzitlan part of Ty, -u. a8 Lhs expectation vaius of the anti-

rermitiin part must vaniah.  herefore ws use ¥Z ac a morcalization factor.
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Tv cslsulate these expectation values, we use equations (1.11) and (1.12)
and the explicit foras of t&lw gmccr operators in questica
4
L0 0 ¢
G
1 60
Ty ={8 |02 0 (L.15)
0 0 1
0 0 0
Tz".giﬁ h oo
i 090
! 1. - 'a&_,"b) #bj
<T7.,a> = 1 2 ZU‘ 2(
< LV (12330 1:28)
f3. -
Ty = VA (% 2 (1.17)
Vi (7‘;3-&> b Lﬂm (= N‘) (1.18)
\ ! b
L . 2 - (d"‘" Y ¢4
L Ty v (AT - 2 . 3 (1-19)
= ,/:, (3\">1>
* W &
(3.-22) € Au § ¢i=a)
- ) ¢ 4 Y-
RS yP0 " (ﬁ $Ti,2)) € % Y VA (1.20)

Thus we sce that for this category of states, {1.20) is the optimel inwauality.

If we represent each podsible siate by o point in & spacs whose coordinatez represunt

B e e e
- B § |
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<T“.Q> BN \/T21-2> y am <Tzo> respactively, < see theso pointe fill
ths interior of a mna;(‘s) whnose apex 18 at <T20> ® - f?- on ths <':20>
- axis, and whose bage las a rudius oi‘J—g an is normal to this axie “<TED>
= ¢+ ¢ F The ccapletely polarired states are those for which eithar
2,71 or Au s i, These are characterized by points at the spax or rircuaference
6of the Dass ol ths camad reapactively, it pair of statqss Y, wid 13 v 11 be an

orjosita ends of & dissmter of the base,

(6)
To chtaln the complete cone rather tikn one guartar of 46, we drop the

restrictions & §b, € 3o ussd abow,

4

———— e e o e e e e
. B [ '
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SELECTION RULES FOR SIMPLE REAQ/Iu.
ke consider only those reastions in which both initdal and final

states contain only two particles (musleii). The states are spsacified by

the momsnta in the CM aystem (contsr of mass) ana the polardsadion, Tais

polarisation state may be specified by a dawsitvy matrixz in the spin space

of the aystem, silch is the produst spass of the spln spaces of the two particlss.

The suplitade for & glven trensition sy be represantsd @8 a mtrix M

whose pows Afd columas are charscterised by ths quantus noepers of fimal
aod initial ststes respectively.'?) In generel M is Festangular. The
density satriess describing imitial and finil states, denoted by yb':
and f'; raspactivaly, are relstsd by tre equatica

- ) t
Lps = MP‘M (2.1)

Iz Ta (MpMT) (2.2)

Hare I is the differantial orcaw=igction [or (he meantion at the angle in

quosstion.
e WY :mstxpmif¢ and /D¢ &8 linear cambinaticag of basias

matricss Bg ad 3%1n the stdn epacss of the initial and finel sywtesa

respsctively. (hese btasie zatrices may tv direct products of operstors
which opsrate ofi the state vect s of the individual particles. ¥ toen

o ‘ain the equations

—’:l
~My

), Yt ot
‘:"-<R>¢MR M (2.3)

T </ , / -
I \/SA‘\/;. = 5 % (R /\4 TA(MR”M?"S‘)
(2.4}

7;
("T'ni.a and the followiag concepts and squsiions aro a stralghtiorward
extenaion of the coryesponding ones in refersnce 3.

-~

T i & e e e
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10,
Here angular braskets denoie statistical eaxpectation values, inu the basie

operators are normaliced so that
T (RAR7T) = mi Guv

T (§71877) = mg Ly

{2.5)

where ng amd op are the dimsnsiosalities of indtial and final spin spaces.

if neither initial marticle e polarised and one reaction product {s s deuteron
¢nd the polariestlon of ths othwr is ast obswrved, the caly (R “)L; whedqual
to sero 18 the expactation valus of the idsatity, &ad the only 5” of imterest
vill bo i direct products of ¢he Leasor cperators TJ?!I in the deuteron apin
spage vieh the ldentity operator 48 the apds spacs af the othav reastion produet.
Toen (2.4) becomss

. . :
Lo {Tru >;. Ry Ta (MM Tru) (2.6)

vhere I, desctes (e crcss-esstiam for an wnpolarissd indtial state

a}in& H st e lovariant with respect to rotations ard space refleaticw,
P sust ba sistlarly invariant, Nov KM ig & hermitian mateis {n the spis space
of the fleal syitem, ard terds of interest must be contracticns of the TJH with
teagor quantities formed froa@ i, and ke, the initisl and final somanta. To be
invariant under space reflection, the teres migt be of evan degres in E‘l and Ep
since the T are invariaat under spsce Pefiectica. oassqusntly the =088 genral

form of W' 1s

-
- N\ ! — / - = 7-
Mt = T - v ; 5/“7 (4.) Tam  * ‘/‘5 ;m({”’) 1

?\
3

o
S M. (A s T e T
*ova i, Ry ) zn
M

———

—— e l.-,ln—-,_;..\.‘-—v——“’-"“
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Here the quantitiep J.(dopmd only en gie '!x” k, am gnmd mret o pPaal An
order that M4’ is hermitian. The I, are solid spherical hormonics formed
fram the caepooants of their indlicated argmmu,(a) and +.,,.. indicatss

quantities depending an operators in the apin spuce of the sscund reaction

groducs,

Equations (2.6) and (2.7) ebov that {fm> ¢ dqusls the soafficlent
of 15, in (2.7) divided by I,, the terms deloted by + ..., ecatriduting
nothing to thsse, To atudy the polarimatizz state of thuse deutercos, ws
choose the ootaal to the reaction plane as Faxis; and uss tw fallawing
form of spberical marsoaiess

y'f;')(i)g v/;‘? (ﬂaty)
#:,o f4) = 2

4y,-2 (2 % JE (x-14)"
4, (#) = /El: (x-1y)

% ™ N
gi,o () = 'f: (lzdx‘a?/

i
OVJ';'M (2) = ("DM /TJ“ 4

with tim scove cnolce of polar axis, the & - components of Ey and ke vanisn,

and ﬂﬁi x gf has only & 4 - compousnt. Trerefore all rarmonlce of the typm

(8
in thess.

by e
Tou(kyiKp) 48 a secomd-degres barmonic; bllimsar in ky =nd Kys ard symmstrical

o .
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Ty, 21 (94 (2.7) wanish, and with thess all <1'J‘ ¢ 1\/{ Thue; eus
sssartion in Sec. I that the puiariszation states produesd in simrle re~
actians will have the spin aa a principal axis of the second rank tensor
is proved, and soreover, wo ses this preferred direction is normal o the
rescticn plane.

We have already dissusged the gonargl features of thase palarigatien
statea. I¢ is useful %o eiamira the <7JH>I using 3o axis in ths reastien
riate as the polar axis. If we try to deteut palerliation by & ritond re-
aatlen, it 1s eorveanient to sheose tha direstion of (neldsaece of thias sec~
ord reaction as - axds, whieh 1g in the 6lane of the flrst praacstion. How-
ey, we single sut the noreal by ualng it a» the Y-axis. IR this coordinate
fystcu, we w59 that @il sscond rack harmsnics f‘roagsmd !f in (2.7} ar’a
real, and Ty 2l igiugr) are pird Imagirary. Bincw thess determine the
<'TJH>2' is roted atove, we obtals in omnfuetion with (1.2)

M s
(Tanys = (=07 STy (2.9)

M
<T./M>C- = (=) (ﬂ)eﬁr\)‘: (2.16)

Equaticn (2.10) ineludes the vanishing of <‘r1 >!, wvhieh we knew from the
rreceding analysie, since <§>4liea an the normal

A second prsblea of intsreet i3 the angular ddstribution of the reastlon
products, Lf the initial rtata ennalats of a deutersn, which oay be arbitrarily
polarised, amd an unpolarised targei of spin J  we assuse there ars only two

reactior producte agatin we usce egustion (2.4 with the ldentity matrix a=z

L9
9 It {s clear that theza arqurents nold for particles with hlzher spin,
and for particles with spin 1/2 (ref 3)

M:wm‘mw~——
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8 M. and direst produsts of the Ty with the dratitymatrix in the spin
')
sraow Of the targei as the R of interest, We than have

_ | T
I-= 3(2 )+ 1) ;z-: T T (Mt T, /G

Pra horzitian mateix KM 1s an opeTator in tha spin space of the initial
pyat e, and BAF 05 expressdd av & linsar combinatiocn of btasic oparators
in that space. Sinae KTH st be invariant under protations ard 3paeo

reflestions
‘ . * A ~ 3
M w1, ¢ L% Y A0 T ¢t 12 GO T
. N
*+ IE z‘ yz,ﬁ (Zé‘s‘é'tv) T:M‘ “-Tr E‘ Vm (4"' ‘4%) 7;ﬁ1

*idu.'. (zqu)

Aé 4a (2.7) the I are reizl scalars deparding on ky; Mgy and !.ig LT
enly, and + o indicates terms contalining opsrators osther than the

identity in the msoin space of the target.
To obtain the angular distritution of the reastion nroducts, we

substitute (2.12) into (2.11).

— _ * - \,
I = 1. = I,E é{aﬁfél)ﬁ.zmx’ * IZ: ;VZ:@(')W;H}(

- Y *® ' *
+ L, ::) J2m /ét,{g;) (Tawd: * I?-E 7im /ﬁc*é;)(ﬁﬁ,)(

(2 13)

MWW —




Ly

To etudy this in greater detai); we cheosc tne polar axie parallel t2 i,
The snguier diatridbution expresses the dependence of 1 wpon i ¢ Since the
only waeter with non-vanishing I ard Y components is g . the harmonica whien
wltinly (?J)(>i in (2.13) suy bs expressed as & sua of tarms containing
Tiy (K ¢) (vhere the Mis are the same) tizes quantities indeperdent of
vie agimathal angle. Thaerefere, ths asimithal anguiar dlatribotion of the
reaction products is cirastly related 10 the polarigatian of the incidwnt
deutarcna. The molap angular disiribution may also depend trprm(‘l‘ J'H>t'
it ganerally this would rot be related {n army sishle marrer tu tiw polar-
laatian of the Llnoldent particles.

We uow esrsider tha eams in which the polariswd deutermms used gi
projeatilaes in a resstisn vere prfused (n o prevican elsple raoticm.
¥y nes bhe lnsldent directicn af the eewond reaction s e 3 wels
sl Ut plane of thw first resction as the xy - plane. Then the <?ﬂ> ;

(A sqaation (2.13) applied ts tiw second peaction must setisfy (2.9) s
: » o
2.10}. Coeblning the terms conteining Ym(g f) e YJ_HQ; r), we f8e

that the argular distritution eill hewe thes fora

T(ee) = Io(8,¢) + AIB) (T,

¢ (B <Ry, v Cio) [<E%| ) gt wm #

FDI8) Ty A= 8 e 2@
(2 L&

. . ; J . ‘
dare € 48 tin poLar angle;?the azimithal angle zeasursd froz the plane of

tna first reaction., and the fun:tiens 1. 4,

5 C D, are palyrordals in cos G
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1 L - Ac the maxisnm cffoctive insilend orbdbital argalar BoR Lo
{:n the sesdnd reaction), ths degroes of theso polynuaisle ar: limited

as follows: (10)
¥ polymonial pacimun degras in ¢ou (4]
1o (®) 21
asx
A (8) 2L ¢ 2
B (©) 2 L - 1
c (&) 2 L - it
D (®) 2L
X

The above ules for polarisaticn effects in the siopler ruclear
reactions deperd only upon the invarianee of the hamlltonian urder
rotations and reflections. In the apeoial came of eluctic seattering,
a furthar pestriction s lepossd upon N if the hxmlltoniar ie 2ls0 re-

(13)

guired to be lnvariant under time reversal . Sines the timg-reverse

seliieion L8 Ldantieal with the orlginal, exespt for a pure rotatisn, the
ratrix elessrts for these anst be identicnl. IP the time revesse of K is

defined by:

/
fﬂ a b = M
)

b, - aa
(2.18)
where -b, -a refer Lo the tisme reversed etates,
/ / \ ! r
Mmoo (MMt = MM (2 16)

latng ctri=es to derove tipme reverged guantitics, we have.

£y
LiC0) Tra srguzant fs an axtersion of that used for unpolsrized hearms; sea,
6.8, Hlatt + welspkoof Treorstical Nuclear Physice, p 533

(11 -, - . 5 o
L % wWigner Gawt Nache. 31, 546 (1372

i b e




LTI Y AT R T i Ak L L R T P R L A R D B R AT T bt

;" = - '6'..5'
fiy v - 4
§' = - .S. (2.17)

P
TJ‘A; = (=0 Tm

Jrm (47) = (= D7y (46)

é{,N (4') = (= 1) 7 ¥ (’_4;‘) (2.18)

Jubstituting (2.18) inte (2.7) and (2.12), we oltain directly froa
(2.18)
Jo % 1o

194
=]
J3513
J

J

LEY
{(2,19)

As in ref. 3. these aquations relate t'w polarigstion protuced in
elantic ecollicions 4f tha initial particlev are unpolarived to the effect
of polarization of the incident particle on the argular distrivution of
elgstically scattered particles. These relations are of interest if
doubls scatterings are studied and if tho change in la due to &n+rgy loss

in the first collision may be neglectod (or is kncam)

u,
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Polarization of the Deuterons Produced In The Reaction p + p = m' « d,
According to the custamsry assumptlon; the parity of the orbital motien
of :he system must change in a reactlon in which a m=—sson ls produced- Also
the states of relative =motion of the final systen are assumed to pe mdy S
and P statea at the ensrgy under corislderastion, These assumptions limit the

form of M to the followving:
W a0 @re) g Bag G-t - (3D 2]

Hara A is the teiplet projestion cperator; @) and §g, are Panld matricses

sparatdng on the spin functiens of the twe nuclaons) &k is tihe roelative momsntum

In the imitikl etste)q the ralstive memartum in the fical state, so chorsn

that g represdits thy sclantum of the deuterwn) &id 4, B, and C depand only
GTon K. THe teris whish appear in X sust ba peeudoscalar to changs the parity

of the orbital mstion, Alse F mumt change algn if the two fruclesks are

sxchanged, since it i s matrix alesent of an cperator which Wit be symawtrical

in the twe nucleons, end the inltial stite is wntdleymistrionl end the final
Ftate symsatrical, Exehanging spaces and apin coordinates is equivalent to
exchanging 0 oid Trand changing the sign of k. The only pseudoscalar
sparators satisfying this condition which ecan be canstructed frow k, g, &,
and T, which lead to a dsutersn in the final state, and whinch contain no

power of g highsr than tha first are the terss in (3.1).

It may seer at first that the use of H as an cperator in ths two mucleon

apin espace implicitly sasumes tha ground state of the deuteron Ls a pure
3-state., This is not the case, howsver, since the matrix elexwentes of any
operator conneocting the dsuteron growd state and the indtial state may be

represantcd ae the mstrix elamsnts of s suitably modifled operator in the
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two-nucleon spin space. Thz: deuteron wave functien mey ba wirittaen (12)

| ~
¢, = 4,(“+W3/1>)(-_ (5.2)

In evaluating matrix oalanents of any cperator, w may transfer the part of
7L. praceding X, to the operater in question, The snly difference between
assEding the deuteron to be in & pure S-state or taxing the D-admixture into
account appsars in the pargmeters A, 3, and C,

e now chunge para=stsrs in (3,1), inmtrodusing wnit vestors k and a
parallel te g &nd g reapectively

~

M= LAWra) R B3R5 (n-5)4

+C(3‘- E‘Q'%j

(3:3)

MMT = /\[ £ Jaiaits 1644) e (181" s 1 B B¢ m‘a‘]

+ 2 5//9/"~= (18/*+ 2R B*c)m‘a}(;g;.zg.i -)

-3t (30 q 0 gD
- 2R B* trBsm8 (GARP+TAGA)

F2dm BT crfons (1 G) ]

(3.4)

SN

St— " —

12y, rarita and J. 3. Schwinger, Phys. Rev. 59, 436 (1941)
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Here © 1a the angle bet-eeﬁf‘;: &nd 'c], ? is 2 wut vector in tha plane or/h?
and 'a pearpondicular to Q, and B is & wmit veotor normal to the plane or?
and e

The form of MN” may be simplifisd if the emdorging deutercns are chossn
froo an angular rangd syncatrieal about ninety degrser (CM), sroviding the
variation of enargy Wwith anele in this rangs 20y be nee,i_lactedg Theti 81l
tems proportlonal io s1nGecwd vanich, and MM* wlll not esntain any
firet rank tenscr opar(tors.<13) This mm;uncmm is izportant bacauss
if the polarisation is to bo datected by mm’nalr'uy-atfiu in & Heord
reastion, 1t would in guowral be diffleuit to difTerartist batwess asymeatries
wssoctated with (T2, ) wnd (1,1, ). The fedlbilivy of utilising this idua
in any exporizat depaads on the angular distribution of the p ¢ P““‘) a* *d

e

reastion and Alsc an ths enwriy dependencs of the dibaetltng reaction, Por

450 Kay ineldent protons, the efergy (lab) af the sasrging deutersns will be

E o 190 (1 + 0.29 cos @) My (3.5)

The allowabls varistion of eaergy then detertines the rangs cof ¢, snd t-e
experimant W1l anly bo feasible 1f this renge containa a sufficiently intensa
begm of cutgoing devterons., wWe ceiuas for the remmindser of this papst that
the above method of eliminating all polarisaticn associated with firut ordsr

(lB)It may be sesn vt the expectation value of the spin vanighes evan if
higher partial wavees are invelved., Because of the exclusion prindple in the
initial state, even ind odd states cannct interfers, and the imtenaity is a
sum of even harmonias, The term containing the spin must be propertional to

sin &) therefore it must be multiplied by an odd polyncaisl in cos 6.
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20.
ws now use tha notation
2 131 ¥ 1Ci™
e = -~ (3-6)
\BI™ +~ 2 R B¥C .
p 2 /A"
2/Al% ¢ je/)" (3.7)

We alec use the idertity

sgdgd-gn =L@ oo

Also & Bir s et to denote quantities averaged over anglse, and squation
(3.4) beccuns

"“‘M’m" Fooz (erat) Z:(aq +# n'E ) ff(%édﬂ :r:"?)
‘ﬁ% ym (;I:) Tmf

e Sy ok
- (:=e)a.b’£§ fim (@) 14 J
(3.9)
If we ehcosd the pplu txie along Q, m varisteginee thay ire
proportional to  idnbocsd.  Then (T, ¢ 1) vanishas as well as €Ty ¢ 1),
and 'Q io a principal axis a9 well as f, Thereiore, ?:, g, and T dafine the

principal axas of the sesond rank ronecr, In the extress csses vhere acee

azy be nsglected, we obtain using (2.5)
T.) = =1
Y c 2 (3.20)

<Tz,-7.> = - ‘,“_ Ja ("é>

|
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According to th> discussion of Seec. I, the statistical mivturs in this extrazs
cama will contain states like %o orisnted along’ﬁ and B only for all values of
E, IfE = O(u‘) the state wili be a purs state 70 oriented along ’ﬁ; it

E » 1 states oriented along 3 and n have equal welghts, In less sxtroks casss

whers 60829 cannot be neglected the valus of <T207ml ba lase than ‘Jz‘ﬁ‘a.nd
the statistical mixturs will also contaln the atate orientsd along Q

To considsr the dstestion of the polarization by asimuthal asymmatries
in 1 ascond reaction, it is convenient to use the dirsstd of motlon {(lgb
system) as tha 8§ axis &d the nor=al to the plahs of the [irst resction as the
y-axls, The valua of ﬁm)md also of P defined by (1.7) in this ssordinaie
svitem for various & and £ are given in Table II, where the ineldeat proton
energy is LOO Mev and ;;T'O squals 0,039 sorreaponding to the range
76° € ¢ € 110°, The ralues of "as are chosen to approxikate the reportad
angular detributions in the reaction p * p <y u* ¢ d, or its mWﬁC.(IS)(ié)
The sugrituses 3t {7y (Pt (¥, ;) deoraase ith Lnoreasing K the magnitude
of @2,2‘} 15 alecat proporticaal to (1=§). For the values of ";7 conmEldsred,
the redtits are very sensltive to ;._22;“ well as b, The magnitude of the

expactatioh valuas of all operators would {nersase if the angy ar range were

desresssd,

—

e e e o o 5 o e+

(L6)engg for exanple is used by Chow st al, Phys, Rev. 85, 581 (19%51)

(15)umirensad and Richaan, Phys. Rew, 83, 855 (1951)

<l6)D-u.\'-!:dl.n, Loar, and Steinberger, Phys. Rev, 84, 581 (1951)
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Finally, we r.o%e that in case the angular distribution of this re-
action is proportiomal te cuZQ, tim polariseticn is complete ard independent
of angle, the statistical xixture sonslsting of the pure state criented along '::
This say be readily sean by setting A and C equal to 2ero in {(3.4). Since the
angle of the amerging ream (lab system) woulid Rava to make an angls of less
than eaight degrees with l?, the exmectation values of all teasor ommton(m)
except <’Tm> wuld be smsll. If A and C were not sero but vary small, se
that 4t vould be i{mpoisibis to choose the emmrging Ltaax to Do symmatrical
about ninety degress, the cantributions of the last Swo terus in (3.4) wuld
not be negligibla, axd the results far A and C vanishing would be a very poce
sprroximatior to this probied. FPor thls Fmsca W tave oot caloulsted the case
wiares A and C vanish. In prinsiple ane eduld change the oitentatics of the
staies relative to the directicn of motion by magnetic deflection. In this
case smal) valuas of [A| aad |¢| would be of intarest, sinos the polare
fsation wuld te o most camplets and couid be estimmted assurataly if uw
essrping dsutercns are Lin e foramrd dixection.

Fable II

. & {1,,0) (1,0 (1,2 p

Q.1 0.0 =0.CA +0,092 ~0.59 0.60
0.5 0. 0Lk +0,06% =0.30 0,3
.0 +0.11 *0.019 *0.0013 0.08
0.2 ¢.0 +0.4 +0.14 -0.70 .73
0.5 0.8 +0.10 -9, 3h O.L2
1.0 0.3% +0.0¢1 0,042 0,28

———

<l7)" agaln consider the direction of motion (lab system) as tie Z-axis and
noremal to plans af firet reaction as “ne y~axis, since we are interested
in roseible detection by azicuthal asaymaetries in & #2cond reaction,
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EYFECTS OF DEUTERCH POLARIZATION GN d=p SCALTEDING
It bas bsen suggestsd that the elastlc scattaring of deuterons by
lydrogen might be used to detest the polarizaticn of the dsuterons .(2)}{51-.
the quantities da.oted by I, in (2.12) have a camplicated dspwadencs on
angle’ ™8, arst tha erfects of polaritsiion oo polar angular distributicos
are difficult te interpret. Therefors we consider only the effects of polar-
fiation of tha insident deutercns on tha ssimuthal engular distiribution. As
shown i “es. 1l, amy chserved apimuthal asymiatry verifies the exlstsnce of tha
Melevent polarisution of the incidemt beak., In the problek v are eosridiring,
a4 lefe~right seymastry (L.v, cos § tamm {n tia anguler distributiea) wuld -
b attributable to the <1‘2 & 2) . térms, aince the erpvctatiod mui of the
stan vanishes. The magnituie af these polariution effects 1; dateruined b‘}
the produst of tw expeetation valus of the rslevant operatof in the ineidant
beild trd the Eagnitude of tie relevant tere la the scattersd iateasity oper-
ator,
in this section we shall we the lmpulse appﬁmtim(lgj to caleulate

tim elastic d=p acattering amplituds in temis of the frp and o scaltering
amplitudes, Lach suelean-sacissn scatlering saplitude will pe caleuiatsd of
the basis of & mcdal chosen mrimarily foz ite simplieity. Also various ap-
proximations in addition to the impulse approximation will be sade. Thaefome
the final) result is mot sxpected to be good, but Lt may indicats the order of

magnitude of the asimothal ssymmstries without excessive labdor. we# do not

o

(lB)Chﬂ, Pys. hev. 84, 710 (1951), and references in this paper,

(U9)5how, rhye. hev. 80, 196 (1950)

-
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believe & long caleulation is warranied at presel,
wo viad to caleuwlate a matrix H apecifying tha esattering, which oper~
stes in the produst space of the deuteron and proton amn funstions, Sinos we
shall we the ajproximation that the deuterin is a pure S—stats, the spin spce
ha ysed Lis equivalant (o the produat of the spin spacss of the thrée Juoleons.

It is convenient to use s representation in whickh the protan bownd {n the deuteron
and the free proton sre distinguished. Trnis {4 often done by taking the ex-
clusion primsiple into account in the asdtrix K rather than in the save funations.
e designate the neutron as particle ons, the protoa bound in tho deuteran
&8 tvo, and the free proton as thres, Initial and fina) state functicas (oot
antisyseetrical in the two protony) are decoted by Y, erd ¥, respestivaly, and i
Pay wd Nag detote space (Bassntuma) and sp..  xahAnge opeTators for the iwo
rrotons. The properly antisymwtriisd fusction repressnting lndtial end final
states will than be 3 Jf'(1=P23Q23)11 wd § (Y (12, 3053 )1, repsctively. A
stralghtforard caleulatich of ta elastic scattering aaplituds using these

sntisymetrized functicas and tie igpulge approximation ylside wie reoult

ﬁ"&l‘Hzoﬂa (“vl)

M/ﬁfdsi. £ (e ipe) (sepe) =T @R o0 1k #20)
ERET D -

= f%h. *r'/"'*l'ﬂ-)(““&/ wp (73) Ix‘“f) @(ﬁré! 9,
(4.3)

(Lab)

My = - Quj‘:\/g*':'ff\)/@al 4) (A/&,?(’B))Pf*lfi>

okt e bdod T AN AL LB ks LR S R B e s ¢
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25.

dere p, apd peare s initial and firal relative momenta, pr(gg;) and

Bnp(;!:i) are scattering aaplitudes for the p-p and n—p collisicas between
states with the indicated relative momants, and £ is tie acEmton wave
fimsrion for tie deutercd. Sinoe the tramsitiocns indiscated by the R-satrices
in paeral de net wnserve anecgy, their calculation from scattering data ire
volved an afpropriste extrapolatian.

The fourier transfor  of tw deuteren iave functiot is peaied rwar
the wigln in the Scwshtum space and 12 small for argwents whoss ngn.nuin‘
ars large. Conaequantly. {f the polar anglee of scatteriag are restricted o
the first quadwaat and initial and final walenta ars lorze compared to marAts
of the nuolexss inside the dautsrom, f@om)muummﬁ%
riglected, Furilbaraors; the peicwdrnses of £ =ay be ussd to approcimite ihs
exrressicns for Hl al Ko, 61059 thw arguesnts of boln deuteren functions ia
Hilor Hy) do not venish simaltansously for any valte of g, wo Assums the peak
of the prodaet Ls &4t the valus of X for which both arjumsats have equal sag-
aitodes, this magnitods Seing the mindeim conmlstent wth this restrictian,
e assumd the Avolsaf-muwlecn stattering sspiltudes méy b taken out of Ue

integral st this valus of k.

(%

Denoting tils valua of k by X, we ses from tne diagram that X, equals -3(p,* p; ).

M;—;u.amnmw-—.——n—__‘._m .
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wita this ap roximation, equations (4.2) end (4.3) becoks

Moz (Lo 2l {0 RG] R a0 [ 4 20 Flrepd)  qs)

-

RERC Y IR INDIEW RS F (re=po)

(b:6)

Flr-pe) = [ Ohr$Chesp) Fraripe)

! - T2 s
® (@am)? fe @ia)" dsa

Here c/(;) s U desterch wve Sunotioe lp soordiante space, sisweing & Ore
B~ fusatios.

e quantity |k, ¢ | depeds oa the seatesriyg engle. This engle moat
B9 in the first quedrant, o ascording %o (2.14) it should not be too clcse o
g8re  *% have chosen alxty degrews amd thirty degredt an sdatieming sngles. The
smergles (lap eyatem) of nuclesa-auslecn scattering whloh detarkine the R-satrices
tn {4.5) are 113 ard 1OC sev respestively. AL theae enecglas; the oep dsta le

(20) (&)

conatotent with rure § wave ssattering Marelcre, we asyums the p-p

gcattsring nsplitode 18

(&% pef i By Pan § Bpw(23)) 1 4o* )
(5 s )

—— ———

he 36 e

Chazserlain. Sezrs, and Wiegand, Thys Rev 3L, 661 [1951)

‘21 Byega, Kruse, and Rarasy. Piys Gev 83, 274 (1951)
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The phase ahift 5 is adjusted to yield the ocbserved p~p eruss section.

To calculate tis n~p scattering amplitude, we assume a potential and uss
the Born appraximatior. A ariteriwa for choosing among the variocus proposed
potertialyies that the Bors appraximation to the scattering aaplitude must oon-
tain terma of tha form needed to Jestest tie polarization considered in See. III.
A familiar potential winlch saticiies this reguiressnt s a mixture of cantral
acd tensor foroes. Assguming the Takawa redial depscdsnce, w use marumtsrs
which have besn adjusted to it low saeryy d;taga)ujc the even ex2iangd de
pencamce L aesuied for both central and tensor potenmiials. This madel is
dlwoat detical to e for which the 50 Kev scattering cross—sectica ras baw
caleulated by & puse snift sathod'e>) Gince this is the werg reglem of ix-
terest, W sy partially chesk tis valldity of the Bom apmexcimation by em-
paring its results with sore aceursls ones. The resulting B~p scattering
wplitate is
(¥/rgunlg) = HHAE [luts) v )]

-3

P (2Y F V065 - 5.6) - 5359 -5 g

Here 5 =y ‘!/a j -,’ ? o g,‘"ﬁ (Lhig)
“«ldo = Y (4e12)
l L irdan AeS
- [ mmamm ] - . /- g_s_aiﬁ ,
V(Y AN s (4.12)

ihe ustal pnotatica for the Arwmeters in the potential i1s used,

(22)
Deess anmd Feshbach, Phys. fev. 81, 1lu2 (1951. we use the 3¢t wilch fits the
rall binding energy of the triton, as the range of the tensor foree thnen ugress
vith a mofel of reference 18. Howaver g lus been set ejual o zero,

(2
N 'B)C‘n.rietia.n snd Hart, rhgs. hev. 7, L4l (1950}, partieuwlariy curvs 1I, fig. 19
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*¢ have evaluited (L.9) for 9O Mev n~p collistans, and commred our

reasults to thoss of Chriastisn and Hart. The angular distyibuticns are in
fair agresmssnt, but there is oonsiderable disagreemsnt bet i1an the total
croas-sections, the EBorn asthod ylelding = valus which la anly about two-
thlsds of tho wore scaurate resuit, It 18 not olear wnich peits of the
seabttered smplitude are puorly apprawimated by the Bo™m msthod, we hawve
trisd to gain somd iraight {nto the matter by the following argiment, which
io at best very rough. In the Born apjroximation, tné central and teasof
seattering awplitodes sieply add, It ras Lesn ghowd that thw firsd Som
approvizaticnd doas give @ acournts Jrodm~seotian at 0 Ksv, presamably
foﬂuitmlyéu)t‘nil my be true ouly for the particular potential strength
required whin teasor forcss are neglectasd, and not foF whe central fores

in our model, which 18 thrse=fsurths as strong. BEl to aede soze coNparisan,
we iramd bthls 18 roughly velid for theas reduced styenguha, and then {id
the csroRs-section dus to tensor forees to be about mall of tiabt required for
agrevBsnt with the results of Christicn ard Hart, This kay be an irdication
that the Born spproximeticn is Lnacourantse in calenlating e acattering by
pon-cantral forease for the potential and enargy umier catalideretion,

Although we 46 not balieve the above calculation Lw very p;ood, we may
obrerve that (4.9) Ls qualitatively general for our furpmes. The only tearms
wilch are allowsd by invarlance argusents, but 45 not appear 46 (4.9 are of
the fomm ( (,:JJ"-J- T e )aQ and gg‘; , whare n 15 rorzal 4o Uw scattering
plane. Turma of thwas types Right Appear in a more socurste caleulatiza., It

‘e reddlly ahown that 4f such terzs are added te (4.9), the caly terms added

to H'H (calsulated accerding to (4.5), (L.6), end (4.8))are of the fore

e

o Jost and rais, inys. Bev, 82, 6L0 (1951)
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% [ )-2.1 (or aai\y). 9ines we a7e interested ia dstecting
polarisatir spimified by sesuam ranil tensor operelors, the spin tem is
of no intsyest. If we were interested in detscting polarisaticon specified
by axpestatian vaiues of the spin, we should nawd to calculate the scattering
aaplitude more acoFately, or uss a different acdel. We shall therefor: uie
(4 9) bere despite its Limitaticas,

Substituting (4.8) and (L.9) into (4-5) and (4.6), we may eviluats N

wnd then K'M. Tre result is
[ 1 (‘

MEM = Figepe) [ b bafu(p oum™
- {3 4etp4l

. (,t"“,m‘“g vis)t = vt - V(S‘)V(b)z

éms
+ . UiE) +« W(w) = - AP
/* A”F‘_’ A )‘ g /’?) TV(;)(;!,‘.;;.S.gF}
- ﬁ v("?)(’g'i?}.sigfg>] *a-aj ( )
413
MV Ae Y
Here ro = "";T;‘““Ac)"f%ﬁ(m.> arel the terws indicatsd

by ¢+ . ¢ . . &I linear in Q' and therefore will vanish when tracss am
taken.
Evaluating (L4.13), the asimuthal angular distrimution for polar angles

of 3-0D ard 60° are

23 8) = T 1 oA T+ 024 SRR, eof

_,pM (T e o} ¢ OB cnag = S T fid]]
(9658) = o) [[1 7 0:09% CThe; = 6,615 Bu T wuﬁ_,ii%m)




1 aeary

N R TI7 T PR

TTHR BGATIT Fdmaret ¥ DLW S T DS RO A M T

LR L S P

X,

Toe smll magnitule of ths eesttiatent of {2, . 1a (k18) ts due to &
cancellation of terms, each of which 13 of the sams ordiy as the eosfficient of

<12,4>(o 1. Since this cancellation dependsr on tos perticnlar models and

the various appreximations used, the cceffielent of <22,_2> ic 8inme
this eancellatiom depends on the partioular models amd the various appraxi-

mations wed, the coefficianmt of (‘!_2,-1> 118 (k15) may be of t)e same
order as the eetrictees of 1, ) L.

Sipoe only secomd rank tedsors are of interswst bare, the dscwasica of
Se0. I shows that the greatesl aaymsstried cccur if the imitiadl gtats is a
pre tate of the type X, erieatsd favorably relatiw to the dirscticss of
motich. Tanﬁﬂytbiitndmya!tmwm.ﬁal&lmmmmﬁ
which it sAy [roduew for insldent deutercn staten of this type vith varyiny
orisstation. we 539 B to Fupressat s kit victor mulng & cagle P with the
erds and 48 the oiplaoe, this (9 the essused direstien of orlentitisa of the
itate. Then the son-walsling expestatico wless are

(Todp = = VT Yan (f) (. 16)

Swetitating 48 (L:14) or (4:15) yisids the result

ie |+ C Cmb O emaf (s?)

Here W represants tin relatiw istaniity at varlcw esimatbel agles, The
funsticas sin § and stn 2 § wre abemt froB (L.17) batause of ouF €iwich of
xi-plase. Valoss of Cy and G, for various angles B and both X0° end 60°
scattering are listed in Table II.
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Fram Tanle 11, ¥s sed thel, the suymestriss wm.ah may be ﬁrodﬁud with
favorably oriwted Wuﬂnd drutirons with mixdimom nlta & the s&ﬂ rank

~0.21

=0.22
=0.18

G

Table II

Ca

o
Q.00
=0.07%
=0.10
-0.13

¢

0
0061
«0, 0lb
.08
0

o 1

Co

0
Q.0
=013
=0,18
0,23

teasse operetors is not pAFbtENLAALY 'sTge; calculated uy-auﬁil l@l P
noattarlag arv of the sune Ma)

Fop Aﬁurﬁ pm in b (v Fif'a) Fﬁeﬁ.ﬁl mﬁj {niaﬂnﬁ;qi ii Gﬁ'ﬁ

in Tahls I, the scattersd M'yfﬁ?:ﬁhrnu‘lii S‘?‘*m&&'mhﬁliﬁhm
direstly frcm (h.14) s (kal§), Tha uﬁﬂm; AW of this mw-uy is plven

87 (4v17); with tbw codsiimts tabn! n.-'j {n Table 117, The Aresters s ma &

are bLie shad as usad (5 See, IIT.

Table 111
8« 6-00 Nw j}o
¢
: € 6y ¢, ¢, 2
0.1 0.0 0. 0047 =0.17 0,632 =0.098
0.5 0.003% -, 084 0,015 =0 . 0kY
1.0 0.0010 0. 0004 -0.3045 «0 . 0002
0.2 0.0 0.0073 -0 .19 -5.03% ~0.11
0.5 0 0052 -0 095 -0.024 <0.084
1.0 0.0030 +0_0012 -0.014 +0.0007
(as)L' wolfenstein, rhys. .76, sLL (1948).
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52,
Finally we should like to nots =038 genersl faatiyes of \hl pelap=

ization effects ir d-p scattering. Thege o not vanish 4n the Barn eppraxi-

sation, nor does our arsumption that the protoa-protan scattaring anpilitude
sontains only S<vaves lead to vanishing results. Sinde sudin assuaprtions
lead to vanishing pelarisation effecus in muelson-nuslacn suatiering, the
Ramaer in wiich polarisatiza effects in d-p and nuclesh-mudlesd lﬁﬂiﬁﬂ;
derands or tha fundamantal seattaring amplitudes Lp different even if tim

impolee appreximtion 1 valld, IF toe variour expariments were feasibley

they would tend Lo suppiesant cach otasr.
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